Flat space-time has not heretofore been thought a suitable locus in which to construct model universes because of the presumed necessity of incorporating gravitation in such models and because of the historical lack of a theory of gravitation in flat spacetime. It is here shown that a Lorentz-invariant theory of gravitation can be formulated by incorporating in it the mass-energy relation. Such a theory correctly predicts the well-known relativistic effects (advance of perihelion, gravitational refraction, gravitational red shift, echo delay of sun-grazing radio signals and others). The equations of motion, properly stated, are also seen to be identical with those of electromagnetism and lead to the correct prediction of gravitational radiation. Therefore Milne's kinematic model of the universe, mappable into his dynamical (or Newtonian) model, offers a unique alternative to the general relativistic models which are encumbered with both theoretically and observationally objectionable features.
Cosmology is the study of the entire universe as a physical system. Therefore in principle every physical application is a cosmological application. In a narrower usage, however, most of current cosmology concerns itself with world-wide or ?global" problems such as model universes. In such universes, one may frame specific special problems, such as the conditions or processes in the ?early universe". In any case, these problems are subject to the constraints characteristic of the model universe chosen; the universes of general relativity and of the late steady state theory or of kinematic relativity are salient examples.
Let us illustrate some of the problems and methods characteristic of cosmology To keep the discussion within tractable bounds, let us confine our attention to a universe which in its essential properties is as simple as is consistent with both interest and correspondence to the real world of physical observation.
We begin, therefore, by appealing to Helmholtz's Theorem that free mobility of rigid bodies of non-infinitesimal extension requires that space be Riemannian and of constant curvature. The manifest existence and mobility of rigid bodies of more than infinitesimal extent makes this a highly desirable, if not necessary prerequisite; only if the more general consequences of such an assumption make it appear untenable would one discard it. Similarly, by Schur's Theorem, a space is isotropic only if the curvature invariant R is constant. Since the large-scale universe appears highly isotropic as observed in the primeval fireball radiation, this is a second cogent reason to seek a model universe in a Riemannian space of constant curvature. Inasmuch as the number of model universes of constant curvature is currently none, there is therefore also an element of novelty in exploring this possibility.
A model universe is, simply, a map in space-time. It specifies a density distribution defined through all space and for an infinite range of time. To possess credibility, it must also incorporate a law of gravitation compatible with its continued existence, present state and/or presumed history. It must further satisfy some form of relativity, so that it is not modified in its essential characteristics by an exchange of observers (spatial locations) or epochs (times).
To construct a map in space-time, it is first necessary to have a clock.Therefore the logical first step in recovering absolute time is to define a clock in some acceptable operational manner; traditional discussions simply assume ?identical clocks" and ?standard meter sticks". E. A. Milne was the first to define a generalized clock as a monotonic single-valued parametrization of the sequence of events at a single observer. Thus any observer O sees a succession of events at himself and monotonically assigns real numbers to those events according to the earlier-later ordering relation. These numbers are the ?times" or epochs of the respective events at himself. (The observer does not at this stage presume to designate the epochs of events elsewhere.) This generalized clock may be given a conventional mechanical form with face and hands, which provide as events to parametrize the coincidences of the hands with a scale of numbers on the face.
Another observer may do the same. The results will in general be entirely different, for the parametrizations are arbitrary. By what means can two arbitrary clocks be tested to determine whether or not they qualify as ?identical (congruent) clocks" of traditional special relativity theory, and if they are found not to be identical, how may one or both be altered -regraduated -so that they will so qualify?
Milne used the reflexive property of clock equivalence to prescribe an operational test. Suppose sends a light signal to . The signal is sent forth whe n 's clock reads When the signal arrives at 's clock reads . By sending a modulated signal during some non-zero interval of time, observers and can establish that
If returns the signal to by reflection, and if receives it back at time according to his own clock, they can further establish that If the clocks used by and are ?identical", it is by definition both necessary and sufficient that the functions and be identical. Milne and Whitrow have shown (Zeitschrift für Astrophysik, v. 15, p. 270 (1938) ) that it is always possible to find a transformation of one or the other of the clocks so that the clocks of and may be made congruent in an operationally precise sense.
With light signals and a clock, each observer can assign space-time coordinates to any observable event E. Such coordinates are conventional to the extent that their definition is at the discretion of the observer at . The convention which offers the appeal of greatest simplicity and the closest correspondence to everyday experience is the radar-ranging convention (adopted by Milne before the advent of radar) that a distant event E occurs at a time and at a distance where and are, respectively, the times of departure and return of a light signal from O reflected at the distant event. Note that in general ; the prime distinguishes the time ascribed by to the arrival of the sig nal at E from the time kept by the clock at . The difference is the aforementioned ?relativity of time". The remaining two coordinates are position angles, measurable at each observer in the standard way. The constant c is the velocity of light.
Exchange of observers is achieved in a mathematical (though of course, not physical) sense by a transformation of coordinates. We therefore seek a coordinate transformation in a space of constant curvature. The simplest such space is one of zero curvature, a ?flat" 4-dimensional space-time. As we have seen (Chapter 5, §1), the Lorentz transformation between observers moving radially with respect to one another at a constant velocity V represents a transformation which preserves the constancy of the velocity of light, a physical (i.e., experimental) requirement which the mathematics must reproduce.
A very important feature of the Lorentz transformation is that it is not, as heretofore, a transformation of the coordinates of an event E from one system of coordinates at a given point in space-time to a different set of coordinates at the same point . It is rather a transformation from the coordinates of E at to the coordinates of the same event E at some other point where ( i , j = 1, 2, 3, 4). Recall that observer coincided with observer at time and has since been moving along the common axis at constant speed V.
We must therefore here introduce a practical matter which has not arisen in our discussions prior to this point: How are the coordinates of an event E determined? Since the Lorentz transformation was derived to e nsure that the velocity of light would be the same to observers in uniform relative (radial!) motion, the velocity of light provides a standard by which the ratio of spatial and temporal lengths may be compared in the e xperience and observations of it is the common denominator between observers who may otherwise be inaccessible, as would be the case with an observe r on the earth and an observer in the Andromeda galaxy.
If c, the velocity of light, can be relied upon to be a constant of both observers' experience, then a radar procedure would surely be as simple and as direct a means of measuring distances as could be devised. Thus, for O to determine 's distance, he could send a (modulated) signal to , arranging that it be returned by reflection. If it were sent at a time and received back a t and if the signal travelled at the same speed both outward and back, it must be true that where is the time which O ascribes to its arrival at Note that is an inferred time (hence the distinguishing prime), since no meaning could be attached to an assertion that the signal arrived at at a time as indicated on 's clock. By re-arranging the preceding equation, ascribes the signal's arr ival at (or any point not coincident with , for that matter) as at time (1.1) Observer will, by the radar technique, also ascribe to a distance equal to the first being the distance the beam of light travels on its outward journey and the second the distance it travels on its return. Substituting the expression for into either one, we get (1.2)
Since the symmetry between and demands that they may be interchanged without effect, it must also be true that where the barred variables have meanings for corresponding to the same unbarred variables' meanings to . Both observers, therefore, can make observations of the other to determine the other's location at a particular time, hence the other's relative motion. It is not a foregone conclusion, however, that a t the instant 's light signal is reflected off 's clock, the clock at will read . In fact, if are substituted into the Lorentz transformation, we realize that they will not be the same.
By having used a modulated signal, h owever, we can determine that is a of the function ascribed time . Reciprocity then demands that *E. A. Milne, "Kinematic Relativity", (Oxford (1948) ), Ch. II, § §14, 15, , where the function is identically the same function in both cases. Under the Lorentz transformation, that function is The clocks of and are then said to be congruent. If they were not so o riginally, then one or the other of or may adopt a clock whose readings do satisfy the required relation. This is a process called regraduation.
Let us generalize the problem one step further. Suppose that another observer,
, is also present. If regraduate their clocks so that their respective clocks are congruent with 's, will they then also be congruent with each other? E. A. Milne showed that they will not be mutually congruent unless (a) all three observers coincided at time and (b) they are moving radially away from (and hence from each other) at constant velocity. Such a set of observers (even infinitely many) constitute what Milne defined as a kinematic equivalence.
*
Though we have referred to "observers" at etc., we may just as well substitute disembodied frames of reference. An equivalence thus provides at every point of space-time an inertial frame of reference and a clock, which in combination may be used to locate events elsewhere in a way which can be translated straightforwardly into the location of the same event from all other frames of reference of the equivalence. Clearly, this is essential to any model universe or world model.
The equivalence in which various observers' clocks are related by the Lorentz transformation is one in which those observers are separating radially from one another at constant speed It therefore represents an "expanding universe" in exact correspondence with the observed universe which obeys a law of redshifts that implies uniform expansion at velocity It is gratifying that such a model expanding universe mirrors one of the most distinctive features of the observed universe, a feature wholly unanticipated prior to its discovery by Edwin Hubble in the 1920s.
On the other hand, there appears to be no way to graft onto the uniformly expanding universe universal laws of motion and of gravitation. This untoward circumstance comes about because neither 's times t nor distances r are L orentz invariants. This implies that observations made by any other observer of the equivalence and expressed in his own coordinates will describe events in a way which depends, through the Lorentz transformation, upon the specific identities of and ; that is to say, laws of motion and gravitation d erived inductively by and must include, at least implicitly, the identity of the observer and will therefore not be universal. On its face, this objection appears to be a fatal one to the expanding equivalence model of the universe.
At the same time, knowing that the root of the difficulty lies in the fact that neither t nor r is a Lorentz invariant suggests where to look for a solution. It is well known that is a Lorentz invariant of the dimensions of time. Moreover, when , the value of differs from the value of t by only a very small amount which is usually far below the possibilities of observation.
We are therefore prompted to look for a transformation to coordinates in which will replace t. At the same time we must replace r with some which is also Lorentz invariant. This will make it possible for any observer to translate his own observations of an event E (or continuum of events, a history) in such a way that it agrees with the same event or history by any other obser ver of the congruence. The requirement of universality will then have been met.
In reviewing our method of determining how to establish congruent clocks for observers and let us recall that assigned to an event E a time which of a light signal; was the arithmetic mean of sending time and return time this was suggested by the requirement that the velocity of lig ht be constant in empty space. Thus, At the same time, the quantity is an invariant time-like quantity which, however, does not have the form of the arithmetic mean of Instead, it is the geometric mean of Now it is well known that the logarithm of the geometric mean of A and B is the arithmetic mean of the logarithms of A and B. Therefore let us write where is some convenient constant of the dimensions of time, introduced to render the three ratios dimensionless numbers. Then
To make each of these terms time-like, let us multiply throughout by a second dimensional constant . This suggests that , adopt new clocks whose times T are related to the former times by Eq. (1.4) or its inverse Eq. (1.3). If all observers of the equivalence make such a regraduation, their clocks will still be congruent because their original clocks were. The kinematic equivalence now becomes a dynamical equivalence.
The kinematic time t is measured from the moment when all observers were coincident, and therefore ranges from to i nfinity. Since the range of is also By Eq. (1.3), therefore, the range of the time T is Let us now calculate the coordinates of a distant event E (see Fig. 1 The associated world-line elements are (1.8) or, in the coordinates, (1.9) From the expressions for the square of the line element in (r, t)-coordinates and in coordinates it is clear that the transformation between them constitutes a conformal mapping. The overall curvature of the 4-space with this metric is zero, for we have transformed from Euclidean coordinates (r, t) to dynamical variables and a mere transformation of coordinates cannot change the curvature of the space. However, the spatial cross-section has a c onstant negative curvature . (This is analogous to the fact that in ordinary spherical coordinates the sub-space defined by has a positive cur vature ) . The "radius of curvature" of the 3-dimensional sub-space is therefore .
The constant is thus far merely an arbitrary constant. How ought it be chosen? Since the entire purpose of this development is to find a flat-space representation of the universe, perhaps a model universe can suggest a value for . Though there is no logical compulsion for one value rather than another, there may be a pragmatic advantage in some particular choice.
Such is the case. Recall that in the expanding model of the universe we have where V is the (constant) recessional velocity of a galaxy at observed distance r. From this we find a time which has nearly the same value for all the nearer galaxies -i.e., a "universal" constant. Let us identify this value with . Observations then presently give for the v alue years. If we adopt this value, we see that is approximately an extremely small quantity on all but a cosmological scale. We see also that at the present time, tim es and distances are even on a scale up to many (millions!) light years. At the same time, the world-line element becomes very nearly the form it would have had in Euclidean space.
We have in this way found time and distance coordinates such that all observers in the universe who are related by the same Lorentz transformation (aside from the value of V) will agree upon the times and locations of events anywhere in the universe. In this sense, we have constructed "absolute space-time".
It is of interest to see what the Lorentz transformation becomes in this absolute space-time. In Cartesian coordinates x, y, z, and t the transformation of t to is
Making the substitutions for old and new coordinates, and using the relation that (1.10) the Lorentz transformation for is But the triangle ( Fig. 1 ) is a geodesic triangle. Therefore, since by the cosine law of hyperbolic geometry, the first of the Lorentz transformation equations reduces to the contemporaneity condition, stating merely that and observe the same event E.
The second equation of the Lorentz transformations is which becomes
When substitution is made for and t, and when are eliminated by means of the same cosine law of hyperbolic trigonometry, this second of the Lorentz transformation equations again reduces to the simultaneity condition
The third and fourth Lorentz transformation equations, using the sine law of hyperbolic trigonometry again lead to the c ondition We may therefore say that the Lorentz transformation is a transformation of the coordinates of an event E from the frame of an observer O to t he frame of an observer in absolute space at the same absolute time.
It is interesting that in the "expanding" universe there exists a velocity-distance relation which says that . Thus more distant frames of reference (greater r) have proportionately greater recessional velocities V. In absolute space-time, however, the velocity-distance relation becomes
For fixed has a value dependent only upon the age of the universe, .
Gravitation in Flat Space-Time
A model universe will be dismissed unceremoniously if it does not offer some theory of gravitation. We may therefore ask: Can a theory of gravitation be advanced by stating equations in absolute space and time which will pass the crucial tests of (1) the advance of Mercury's perihelion, (2) gravitational refraction at the limb of the sun, (3) the gravitational red shift, (4) the echo delay of sun-grazing light beams, (5) the radiation of gravitational energy and (6) objects of very large mass at the centers of all galaxies and large globulars.
(1) Consider a mass M, such as the sun, in an otherwise empty universe. Now let a mass m (such as a planet) be brought from infinity along any path whatsoever in a quasistatic manner (just as infinitely slow changes are effected in quasistatic thermodynamic processes). According to Newton's classical law of gravitation, an amount of work is done on the mass m during the displacement . (In a concession to time-honored notation, we have reverted to the use of the radius vector r rather than the absolute distance ). According to special relativity, mass and energy are equivalent and inter-convertible. If we therefore assume that the work done by gravitation appears as an increase of mass, we have To apply Eq. (2.17) to a photon, consider the left and right hand sides separately. The left hand side, the kinetic energy of a particle, in the limit as simultaneously, becomes , the kinetic energy of a photon.
The right hand side may be given the form for an appropr iately chosen . On both sides of the equation, h is here Planck's constant (not to be confused with the areal velocity of Eq. (2.5)). For a photon, therefore, Eq. (2.17) becomes (2.18)
The significance of is now clearly that it is the value of or in the absence of gravitation . The usual redshift equation follows by taking the logarithmic derivative of both sides, giving (2.19) An interesting corollary of Eq. (2.18) is that for any positive and r, it follows that . Therefore a photon would be able to escape even from a very compact finite mass, no matter how great its surface gravity. In other words, Eq. (2.18) implies the non-existence of black holes.
If at first sight it seems paradoxical that a photon cannot be imprisoned gravitationally even though a body of mass m can be, consider that as the photon rises in the gravitational well, it requires less and less energy to continue, both because r is increasing and because the effective mass is decreasing. But for this latter consideration, the photon might not be able to escape. In other words, it continues outward at velocity c by converting "equivalent mass" into potential energy. The loss is always proportional to m and m is therefore never completely consumed.
(4) The radar echo delay is the first of the tests to require an actual measurement of a time interval. Experimentally, this is done by a "molecular" or "atomic" clock. We must therefore determine in advance whether gravitation has any effect upon a molecular clock and if so, what that effect is.
To say that there is a delay is to say that there are more "ticks" on a terrestrial clock than would have been registered by a classical clock. There are two factors which contribute to the delay. First, by Equ. (2.5), there is the fa ctor This factor becomes unity in any one of the limits . Thus the classical limit yields the same result as . But the latter describes the behavior of a cosmic molecular or atomic clock keeping time (not to be confused with the present age of the universe in §1). It is therefore independent of the rate of a terrestrial atomic or molecular clock keeping time . In the presence of the large mass M, the latter is related to the cosmic clock by the equation (2.18), which in this case becomes Therefore, the combination of factors by which the lapse of terrestrial time must be calculated is the cosmic time times the photon's comparative rate times the relative terrestrial clock rate . In sum, therefore, the delay from the earth (E) to sun, or more generally, from any planet (P) to sun will be Let us now evaluate the areal velocity h, which, since it is a constant, may be evaluated at any convenient point. Let us choose the point of tangency to the sun, for there r = R and , giving . Making this substitution for h, and expanding the quantity in brackets into a series, we get But , so that (2.20)
Since to better than 1 part in 1000, it is true that , this is (2.21)
Observations made at Venus' superior conjunction (point of nearest apparent approach to the sun) on January 25, 1970, when the photon's perihelion distance would have been 3.9 R rather than 1.0 R, gave a delay of 190 microseconds rather than the predicted 198 microseconds. However, much more accurate observations at Mars' superior conjunction on November 26, 1976, were made by means of radio signals sent to and reflected from the Viking spacecraft and their landers. These results were accurate to 1 part in 1000 and gave agreement with the equation above. This is truly remarkable, for the delay is only 267 microseconds during a travel time of about 45 minutes! (5) Gravitation is a force so omnipresent that it is taken for granted, though ignored at one's peril. Electromagnetic forces are also commonplace and likewise seldom thought of because familiarity has rendered them routine. These two kinds of forces represent two of the family of forces of nature. They contrast in the fact that gravitation -the interaction of mass upon mass -is invariably an attractive force, never a repulsive one, whereas electromagnetic forces are sometimes those of attraction and sometimes those of repulsion. A distinction of perhaps even greater moment is the fact that electromagnetic forces are enormously stronger than gravitational ones: the electrical attraction between proton and electron is some 10 39 times as great as their mutual gravitational attraction. As a result, electrically neutral matter may aggregate into enormous bodies such as supergiant stars or interstellar molecular clouds, but aggregations of like-charged particles are either of much more limited size or are widely dispersed because of the repulsive forces between particles of the same sign.
General Relativity predicts that gravitationally accelerated bodies will emit gravitational radiation. But if gravitomagnetism exists, why has it not been detected? In addition to the comparative weakness of gravitation relative to electromagnetism, the accelerations of familiar gravitating bodies are also quite small. For example, the orbital acceleration of the earth about the sun is only 2 / 9 inches per sec per sec, and that of the moon about the earth is only about 1 / 20 inches per sec per sec. The smallness of the accelerations is not compensated by the magnitude of the velocities; though the earth's orbital velocity is 18.5 miles per sec, this is only 10 the velocity -4 of light.
The possibility of detecting such radiation directly therefore originally seemed not to be feasible because the radiation is so extremely weak. Then, with the discovery of the binary pulsar PSR 1913+16, a method of detecting indirectly its gravitational radiation presented itself. The binary is a pair of mutually revolving neutron stars separated by somewhat more than 4 million miles and revolving in a period of about 8 hours. It appears to be radiating gravitational energy whose loss causes the stars to draw closer together and shortens their period of mutual revolution. Since one of the pair is a pulsar -an object from which radio pulses are received every 59 milliseconds -the period of revolution can be determined to within about seconds. The decrease in its period of revolution, though very slow, is cumulative and over a period of time can be measured. In this way, it has been found that the stars are in fact spiralling slowly toward each other and at a rate predicted almost exactly by general relativity. In addition, the pulsar's spin axis should precess, much as that of a spinning electron. This too has been observed. This was properly regarded as an observational vindication of the general theory.
By contrast, classical Newtonian theory seemed powerless to predict any gravitational radiation, much less account for the observations of PSR 1913+16. The general theory thus achieved unquestioned dominance both because of its own success and because of the perceived failure of classical theory.
Nevertheless, the two kinds of force have one very important similarity: the attraction of oppositely charged particles at rest and the attraction of mass points obey inverse square laws -Coulomb's and Newton's, respectively. Should we not then expect some similarity in the equations of electromagnetism and gravitation?
At first glance this expectation appears to be confounded, for Newton's law of gravitation bears no similarity to the Lorentz force equation or to Maxwell's equations of electromagnetism. In particular, gravitational theory seems not to have an analogue of magnetism. While on the one hand, we readily acknowledge electromagnetism, we do not on the other hand refer to gravito-magnetism. Can a gravitomagnetic theory of gravitation in flat space-time be derived which will *?Since the Lorentz transformation is not clever enough to know what the symbols stand for, it follows that the forces and fields of two masses must obey the Maxwell equations in the same way as two opposite charges in electromagnetics." (Petr Beckmann, Einstein Plus Two (Golem Press, Boulder, Colorado 1987) We now invoke the Quotient Law, which shows the kinematic components of the electromagnetic tensor to be (2.27) There is nothing in this equation to identify the accelerations and velocities as being those of electrical attractions (or repulsions!) rather than gravitational attractions. There is therefore nothing to prevent our writing (2.28) as the equations for gravitation. The entire further development of electromagnetism may then be duplicated, including the wave equations, subject only to the caution that no negative masses exist. This implies that gravitational effects propagate through empty space with velocity c just as does light.
In order to predict gravitational radiation from a pair of mutually gravitating bodies, we substitute their accelerations and velocities into the relevant equations. We start with Kepler's Law of Ellipses, from which we know that the orbit of a secondary about a primary is where T is the tangential component of the perturbing acceleration. This is the rate at which radiation carries off momentum, the energy flux divided by c. Thus (2.34) Can T be calculated in a manner analogous to the method employed in electromagnetism? Now although equation (2.28) has been transcribed directly from electromagnetism, there is nothing in it to identify the accelerations as having originated from electrical attractions (or repulsions!) rather than gravitational attractions. There is therefore nothing to prevent our writing (2.35) as the equations for gravitation, where the gravitomagnetic tensor is (by Eq. (2.28)) (2.36) (2.37) its respective components being the gravitational analogues of the corresponding components of the electromagnetic tensor in Eq. (2.36).
To predict the rate of gravitational radiation, let us first express the gravitomagnetic tensor in terms of the acceleration and velocity of the radiating mass m. Since the acceleration and velocity of a secondary about a primary are (2.38) we have that (2.39) to the lowest order of We must here take note that these expressions are in terms of the relative accelerations whereas in an inertial system they should be absolute a ccelerations. We therefore introduce the factor as required, giving finally with corresponding expressions for the mass M. Unfortunately, the two expressions for the radiations from m and M separately cannot simply be added as two scalar quantities inasmuch as the Poynting vectors from the separate masses must be added vectorially at a common time and place, constructively and/or destructively, before they are projected upon the tangential direction; only then may they be summed over all directions. Such a calculation would be both lengthy and tedious. We therefore propose an approximation to bypass this calculation by introducing a factor k which would compensate so as to give the same result as the full calculation for a pair of electric charges mutually revolving in a circular orbit. This factor is Then (2.43)
Combining the various equations, we get finally With c = 63,242 astronomical units/year, P = 27,907 seconds = 0.00088434 years, solar masses, M = 1.442 solar masses, e = 0.617, the rate of decrease in period predicted by Equation (2.49) is seconds per per iod, within 0.86 per cent of the observed value of seconds per per iod. The value predicted by General Relativity is seconds per period. The slight difference between them is to be attributed to the approximation made in by-passing the full calculation for the double point source.
(6) Objects of very large mass are deduced to be at the center of mass of all galaxies and many globular clusters. Their large masses are inferred from the otherwise inexplicably large kinetic energies of objects in the immediate neighborhood of the apparent center of mass, even though no corresponding luminous object can be identified as the massive object itself. It is thus declared by orthodox theory to be a black hole. Interestingly, the mass attributed to the black hole is proportional to the mass of the system of which it is the central object. The properties to be accounted for, therefore, are (1) its invariable centrality, (2) its blackness, (3) its proportionality to the mass of the entire system, and (4) the universality of such objects.
Our own Milky Way Galaxy serves as an example. In a triumph of astrometric technology, a team of astrometrists using high-resolution infrared tec hniques has determined that the object designated as Sagittarius , a radio source identified as at the mass center of the Milky Way, has a mass of roughly 2.6 million solar masses. This is implied from Kepler's Harmonic Law by the motion of a fa int star designated IRS2, whose orbit about Sgr has a major semi-axis of 950 astronomical units and a period of 15 years.
The Schwarzschild radius, also known as the radius of the event horizon of such a massive object, is approximately 0.05 astronomical units. If, however, the massive central object were a neutron star whose density is about times the density of water, its radius would be roughly 0.003 astronomical units (250,000 miles). The massive object could be even smaller, however, if it were composed of quarks, the constituent particles of protons and neutrons.
Is there any reason to think that a neutron star might preferentially form at the center of a massive star system such as a galaxy or globular cluster? Consider a large stellar system such as a globular galaxy. Let a star be brought from infinity along any path whatsoever to the center of mass of the globular galaxy. Then, by a generalization of Eq. (2.1), the work done upon it by the gravitational attractions of the individual members of the entire galaxy would increase its mass to (2.51) , where is the star's mass at infinity and where N is the total number of stars in the galaxy (with an average of 1 solar mass). Note that in a spherically symmetric system this expression will have its maximum value at or near the center of mass, for there the average value of is a minimum. Other stars in its vicinity will have similar masses. Therefore the effective mass of the entire galaxy will be of the order of When N is very large, it is not feasible to evaluate the sum; we therefore approximate it by an integral where R the radius of the system and D is the mean density. This expression is less than the actual sum if the system is at all centrally condensed. Using astronomical units per year, we get so that solar masses.
Clearly, can be very large, depending on the value of . Given that the va lues of N and R are somewhat vague, one can only say that will be g reater than , perhaps much greater.
But can individual stars have such extremely large masses as that observed for Sgr ? The theory of stellar interiors limits the masses of normal stars to less than 100 solar masses and all but a very few to less than 10. Masses greater than these therefore seem to require neutron stars. It may well be, therefore, that massive objects at the center of a galaxy are of neutron matter, relics of an early era of the universe when its matter was still compressed extremely highly. Their survival would be most probable at the system's center, their radiations would be gravitationally red-shifted far out of the visible spectrum, and their existence would be favored by a large value of N.
Related to this problem is the mystery of ?dark matter" and ?dark e nergy". The difference between the effective mass and the so-called b aryonic mass would be the ?dark matter". Likewise, the difference be tween the classical gravitational potential energy and the r elativistic expression would be the ?dark energy". At this point, meaningful numerical checks are lacking.
Cosmological Problems
We have at this point laid the necessary groundwork for consideration of possible model universes, having defined coordinates in space-time and developed a theory of gravitation which accounts for the known major effects. What sort of universe(s) can be imagined which is (are) compatible with these results?
Intuitively, the human mind balks at the notion of a universe of finite extent. If there is a boundary, what is beyond? This is not an illegitimate question. The answer to the question may well be that the universe does not have a finite boundary, that it is infinite *"The Theory of Relativity", English translation, Methuen (1921), 4th ed., Ch. 30, p. 105. in extent. Sir Isaac Newton anticipated the question and offered reasons for his answer. In a letter which he wrote in 1692, he proposed a universe whose general structure he summed up thusly:
"It seems to me that if the matter of our sun and planets and all the matter of the universe were evenly scattered throughout all the heavens, and every particle had an innate gravity towards all the rest, and the whole space throughout which this matter was scattered was but finite, the matter on the outside of the space would, by its own gravity, tend towards all the matter on the inside, and by consequence fall down into the middle of the whole space, and there compose one great spherical mass. But if the matter was evenly disposed throughout an infinite space it would never convene into one mass; but some of it would convene into one mass and some into another, so as to make an infinite number of great masses scattered at great distances from one another throughout all that infinite space."
Newton's description of a spatially infinite universe filled with matter of uniform density anticipates a model described by Einstein, who wrote in 1921 : * "If we ponder over the question as to how the universe, considered as a whole,is to be regarded, the first answer that suggests itself is surely this: As regards space (and time) the universe is surely infinite. There are stars everywhere, so that the density of matter, although very variable in detail, is nevertheless on the average everywhere the same. In other words: However far we might travel through space we should find everywhere an attenuated swarm of fixed stars of approximately the same kind and density."
Though Einstein discarded this model in favor of the Einstein-deSitter model based on general relativity, let us nevertheless carry out a development of the Newtonian universe in absolute space-time. Such a model, like any credible model, must incorporate as a distinctive feature the cosmological red shift, which was of course unknown to Newton. The cosmological red shift originally established by Edwin Hubble in the late 1920s was assumed as a matter of course to be a Doppler shift. There were a few skeptics, but they offered no credible alternative and strove unsuccessfully against an ever more formidable orthodoxy which today reigns virtually unchallenged.
Red shifts in galaxies' spectra are related to their presumed recessional velocities V by the special relativistic Doppler shift equation Whatever the formal structure of the kinematical or dynamical models, both must give the same picture of the universe or world picture. The only quantities directly observable are the red shifts s and the numbers of galaxies N(s) with red shifts less than or equal to s. Clearly, we must frame the problem in terms of quantities whose values are common to the two models. These are s and N(s).
Let us relate these conclusions to observation. The observed quantity is the cosmological red shift
It is related to the recessional velocity V and this, in turn, to the coordinates r and t by Eq. (3.1) and to coordinate by Eqs. (1.6) and (1.7). To summarize and simplify the results thus far: the cosmological red shift s, "expansion velocity" V, and absolute distance are related by the equations (3.2)
Consider, then, a remote galaxy in which a photon of frequency is emitted in the frame of reference of an observer at an absolute distance When it arrives at the earth with frequency and red shift s at time , it will have been in transit for an absolute time interval The absolute epoch of its emission was therefore
We now invoke Eq. (1.8) to show that Note that ; thus is determined definitively by the nearest galaxies.
There are interesting and perhaps unforeseen implications to Eqs. (3.4) and (3.5). Consider, for example, the values to which t and r/c tend as They are in both cases a somewhat surprising result at first glance, for as and A moment's consideration shows why, however. The most distant galaxies (observers), "receding" with nearly the speed of light, will have receded as much farther in the time since emitting the presently arriving photon as they were when the photon was emitted. Hence the time and distance of the galaxy were only half their present time and distance. H owever, as one might expect, as .
The Newtonian (dynamical) universe is characterized by uniform density . This means that the number of galaxies in any volume element is directly proportional to the volume element itself. Using the fundamental tensor of the spatial portion of the world line element in Eq. (1.9), the volume element is (3.5) Therefore the density of galaxies at epoch with red shifts between is 2(3.6) where is the total number of galaxies with red shifts less than or equal to s, is the solid angle within which the count is made, and is a constant to be determined from observation. This model of a Newtonian universe will stand or fall on these results. It should be n oted, however, that the function represents the upper envelope of the observations inasmuch as galaxies have a range of luminosities and those of low luminosity may fail to be counted when the values of s are large. E. A. Milne, Relativity, Gravitation and World Structure (Oxford, 1935) , p. 109, Eq. 40. It is also to be noted that these results would be the same for the Milne (kinematic) model, for they include no parameters peculiar to either the Newtonian or Milne models. In fact, Milne derived the same equation for his model by an entirely independent argument and showed as well that the distribution of galaxies satisfied the equation of * continuity. Fig. 2 is a graph of the function The value of B may be calibrated by observing the count of the total number of galaxies with red shifts less than for some conveniently chosen . The equation will then predict the number N(s) for all other red shifts according to this model. Though the ultimate observational test is pending, Milne's models of the universe may even now be compared with current models of general relativity. Let us summarize the results as presented by Milne : ** Though there are literally infinitely many general relativistic models defined by a continuum of values of the mean density of matter, they may be grouped for simplicity into three categories -elliptical, parabolic and hyperbolic. These designations correspond to the fact that the trajectories of the galaxies are (1) degenerate ellipses, (2) degenerate parabolae, or (3) degenerate hyperbolae.
The first is also known as the ?oscillating universe" inasmuch as its history is an endless series of expansions and subsequent contractions; we are currently in an expanding phase, the Big Bang, but must look forward to an eventual Big Crunch, followed by the next Big Bang. The second is the Einstein-deSitter universe characterized by an eternal expansion to a limiting state in which all galaxies tend to a common velocity zero. The third is a universe in which the galaxies mutually recede, decelerating forever to some positive limiting velocity. These Figure 2 respective behaviors all imply a universe of finite mass, and therefore are inconsistent with the Copernican Principle.
Such finite universes should also in principle be transparent; it should be possible to see the last galaxy (or particle) in any direction. That is, their boundaries should be visible. Here one should be able to witness a most unusual phenomenon: the creation of matter during the stage of expansion and annihilation during the contraction of an oscillating universe. The Newtonian universe was created once, in the infinite past. The Milne universe was created once a t time hidden now behind the curtain of the cosmological background radiation and therefore also invisible. Creation no longer occurs and is therefore not available to inspection even in principle.
All three types of general relativistic universes allow for the existence of a ?cosmological constant", a coefficient in the field equations of general relativity whose value must be deduced from observation and may in principle be positive, negative or zero. At present, a positive value is more in vogue than a negative one, though a zero value has not been definitively ruled out. The physical interpretation of a positive cosmological constant, numerically very small, is that masses exert upon each other a repulsive force which increases directly with distance. While the familiar gravitational force is an attraction, the cosmological force is a repulsion. Because of the extreme smallness of the postulated cosmological constant, the attraction overwhelms the repulsion except when the separation of the masses reduces the inverse square attraction almost to zero. Thereafter, the repulsion dominates and for bodies sufficiently far apart, the net ?force of gravity" is a repulsion increasing with distance; the farther masses are from each other, the greater their effect upon each other. Clearly, this is a counterintuitive feature of the theory.
There is an interesting related matter involving the red shift. This is the celebrated Olbers' paradox. It is a seeming contradiction pointed out in 1826 by Dr. Friedrich Wilhelm Olbers, a Hamburg physician and distinguished amateur astronomer (there were very few professional astronomers in that day); he was the discoverer of several comets which bear his name. Dr. Olbers drew attention to the commonplace fact that the night sky is dark. He argued that if the universe were infinite in extent, homogeneous in composition, static, and populated with stars which have always shone as they presently do, then one's line of sight in any direction whatever would necessarily be intercepted by some star and therefore our entire sky should have the same surface brightness as the average surface brightness of the stars. Since this is decidedly not the case, Dr. Olbers concluded that at least one of his premises was false. Which one or ones?
The paradox could be resolved by appealing to the cosmological red shift. In short, distant parts of the universe would contribute an ever-diminishing increment of starlight because of the increase of the red shift with distance. By this means, then, the Olbers paradox would be resolved.
The stars and galaxies have not always shone with their present luminosities, however; discrete luminous objects have not existed for a length of time great enough and to distances remote enough that we cannot "see through" them to regions of space whose "look-back times" antedate stars and galaxies. This implies, regardless of model, that the organized matter of the universe is of limited age even though in the dynamical model the universe itself is infinitely old. Consequently, the most remote visible part of the universe is unorganized matter, the source of cosmological background radiation. This radiation is red-shifted by a factor of the order of 2000, hence in the domain of microwaves, not visible light. It is for this reason that the night sky is dark.
Model Universes
Model universes are maps in space-time, incorporating features of the observed universe and subject to falsifiability by observation. As with maps of the earth, there may be more than one representation of the universe though the universe itself is unique. What general requirements should a model universe satisfy? First of all, we may ask: What kind(s) of space(s) is (are) suitable for mapping the universe onto? Just as one would not be well-advised to attempt to map the surface of the earth without first having some notion of what geometry is most compatible with the known rules of terrestrial trigonometry, so also one would be well-advised to select space(s) compatible with known characteristics of the observed universe. Are there any specific guidelines for the entire universe?
As previously noted, there are two theorems from differential geometry which recommend themselves. (1) Helmholtz' Theorem declares that the free mobility of rigid bodies of non-infinitesimal extent requires that the geometry of space be Riemannian and of constant curvature. Perhaps the bodies which we regard as rigid are not really so, but this is a matter which we cannot assert with assurance. In any case, the presumption in favor of Riemannian space of constant curvature is reinforced by Schur's Theorem which states that (2) a space can be isotropic only if its curvature invariant is constant. Since the universe on the largest scale, that of the primeval fireball, appears to be highly (if not precisely) isotropic, it would seem to be reasonable to make it an initial feature of the large-scale universe that it be Riemannian of constant curvature. The most refined observations of the cosmic background radiation to date are interpreted to imply that space-time is indeed flat.
A consideration of a quite different kind is what has been called the Copernican Principle. This principle states that It is not possible to locate a unique ?center" of the large-scale universe. This notion commends itself on the historical grounds that all attempts to identify the unique center of the universe -the Temple at Jerusalem, the center of the earth, the center of the sun, the center of the Milky Way galaxy -have thus far failed.
If one accepts the Copernican Principle, then the universe must have infinite mass if not necessarily infinite extent, for a finite number of galaxies (or particles) not infinitely dispersed and mutually isolated must have a boundary and a unique center of mass. This would mean that calculation of the mass of any model universe must not yield a finite quantity.
The Newtonian and Milne universes are both mapped onto a 4-space of zero spacetime curvature and therefore satisfy the Helmholtz Theorem and Schur's lemma. They likewise satisfy the Copernican Principle in having infinitely many galaxies. From any location in either of these universes, the universe appears to have infinitely many galaxies distributed istropically about the observer. Either may be mapped into the other. The respective mappings are given by two common parameters, the red shift s and the ?age of the universe"
. The properties of these models are summarized in the Table  below. These two models are of the same universe, but constitute different maps or descriptions of it, just as a terrestrial globe and a Mercator map constitute different descriptions of the same earth's surface. They have one important feature in common, however: their space-time curvature is zero. Now ?space-time curvature" is identical with ?acceleration"; wherever the phrase ?space-time curvature" occurs in general relativistic descriptions of phenomena, one may substitute the single term ?acceleration". This conveniently simplifies the description and allows a more ready grasp of the phenomena. Zero space-time curvature therefore is merely an alternate way of describing a universe in which no part is accelerated with respect to any other part.
The two universes differ, however, in the structure they appear to have. Just as a Mercator projection of the earth's surface extends to infinity in the poleward direction, the Newtonian universe extends to infinity in the outward direction. On the globe of the earth, however, the earth's surface extends only to the pole; in the Milne model, the universe extends only to the boundary at
In both universes, the density of galaxies (particles) is given by Eq. (3.6). The Milne universe has a creation event at years ago. The Newtonian universe has existed forever on the absolute time scale. Which is correct? Both; the choice is arbitrary and depends upon which features of each are deemed the more essential.
As a sidelight, consider the Hubble constant, whose value has been the subject of much effort over the years. The Hubble constant is the rate at which the velocity of expansion in the Milne universe increases with distance, namely , which ranges from to . Clearly, the Hubble ?constant" is not constant as s goes from 1 to .
Newtonian Universe Milne Universe
Spatial curvature: Spatial curvature:
Age: Infinite Age:
Note that both the Newtonian and the Milne models expand linearly with time since both are proportional to , the ?age" of the universe. It is somewhat of an oddity that the infinite Newtonian universe is expanding as well as the finite Milne universe. Clearly, both universes satisfy the Copernican Principle.
Another feature of both the Milne and Newtonian universes comes to light from the common expression for the equation for the expansion velocity in terms of the red shift (Eq. 3.2). By differentiating, .
If one seeks to give meaning to this result, one might say that since , the velocity of an old, remote galaxy (large s) increased more slowly in the past than in later times (small s) and that therefore the expanding universe is accelerating in its expansion. This would, however, be a false conclusion, sin . ce
The seeming acceleration is an artifact of the model, not a property of the expanding universe. Galaxies do not assume the velocities of currently more distant ones as they later arrive at those greater distances.
The Cosmological Red Shift and the Pure Numbers of Nature
The cosmological red shift has an evident explanation in the kinematic model; it is the Doppler shift produced by the expansion of the universe following the "Big Bang". In the dynamical model, the expansion velocity becomes merely a parameter related to distance. Since every event, history and phenomenon in the expanding universe should have a counterpart in the dynamical universe, what "explanation" accounts for the cosmological red shift in the Newtonian model?
To answer this question requires that we look searchingly at the two methods of time-keeping -the kinematic and the dynamical clocks -in the expanding and the static universes. It is the distinction between the two time scales which lies at the root of the two descriptions of the universe.
Consider an observer O at the origin. He observes a galaxy at distance where the time is
The relation between the coordinates of O and is given by the Lorentz transformation. Hence, whereas O ascribes to an event at the kinematic time t, himself will read from his own kinematic clock a time At the same time, since 's absolute distance is fixed, the relation between O's determination of dt at and his determination of the corresponding absolute time interval dT will be Hence 's determination of the interval (by his own kinematic clock) is related to O's determination of the corresponding interval dT (by his own dynamical clock) by combining the two previous equations to give Evidently, the kinematic clock at , keeping kinematic time is running 1/s as fast as the dynamical clock at O, keeping dynamical time T. Now since T and determined by O and are both absolute times, it must be true that Hence But so that since the absolute distance increments must also be equal. As a result, it follows that (4.3)
In other words, 's determination of the kinematic distance increment is that it is 1/s as great as his determination of the corresponding absolute distance increment Clearly, the kinematic time and distance measurements by O differ from the absolute (dynamical) time and distance measurements of the same quantities by by a common factor 1/s. Quite generally, O's measurements of lengths and time increments are less than 's ascriptions of the values of the same lengths and time intervals. However, a kinematic determination of their ratio (a velocity) gives the same result as a dynamical determination of the same ratio (velocity) using absolute time and space coordinates. By extension, the squares of velocities must also be equal and therefore kinetic energies. Because kinetic energies are transformable into energies of other kinds, it follows that measurements of energies by in both systems of time-keeping will in all cases give identical results.
It is a corollary of this argument that quantities which are functions of length and time intervals not homogeneous and of order zero will have different values in kinematic and dynamical systems at ; only when the observer O at the origin) will such quantities have the same value in both kinematic and dynamical systems. This is because we have calibrated the transformation between kinematic and dynamical systems so that and dt = dT at the present time at O, where s = 1. At , a length on the kinematic scale is a length on the dynamical scale and a duration on the kinematic scale is a duration on the dynamical scale.
What, therefore, of quantities which depend in dissimilar ways upon the powers of dr and dt (time interval)? If the dimensions of a quantity are such that the factors s do not cancel, then, like dr alone or dt alone, they would be found to have values which diverge progressively as one considers times and distances ever farther from the here and now. This expectation has far-reaching implications.
Consider, for example, Planck's constant h, the quantum of action. Since ac tion has the dimension the time and distance factors do not offset at different epochs, so that whence (4.4) That is to say that O will determine that measured on 's dynamical scale is s times the value measured on 's kinematic scale. At the same time, he will find that an atomic frequency is since frequency has the dim ensions The bearing which this has upon the cosmological red shift becomes evident in the relation for the energy of a photon. Since energy is of the dimensions of its value remains the same for all times and places. Therefore This is to say that in a distant galaxy, the frequency of the emitted photon is less on the dynamical time scale than the frequency on the kinematic time scale by the factor s. This comes about because we are counting atomic vibrations during unequal time increments
We therefore could say that the cosmological red shift in the dynamical (Newtonian) model universe i s caused either by the greater value of Planck's constant or by saying that a kinematical second was much shorter than a dynamical second in remote past times. The number of atomic vibrations in a "short" second will obviously be fewer than the number of atomic vibrations in a "full" second.
This line of reasoning has further implications of interest when one considers what are called the pure numbers of nature. One of these, for example, is the fine structure constant (4.5) which is a dimensionless quantity formed of several physical constants whose values can be currently measured by direct means in a terrestrial laboratory. Since it is a dimensionless quantity, its value (like the epoch independence of energy and the velocity of light c) is independent of the system of units. Whether the units are cgs, mks, British or anything else, the value of will be the same, independent of time or place. Therefore, since c is epoch-independ-ent in both Newtonian and Milne models of the universe but Planck's constant h is not, we must conclude that varies in the same way as h, i. e. (4.6) This leads to yet another relation, one based upon the pure number which is the ratio of the electrostatic force between electron and proton and the gravitational force between them. Thus Since masses are epoch-independent, being determined from ratios of velocities, we conclude that (4.7) Do these differences in provide means for discriminating between the two models? Can observation indicate which is the "true" model of the universe? The answer must be "No", for no transformation of coordinates can alter the phenomena, only the description of those phenomena. The observations can discriminate only which time scales have been used, explicitly or implicitly. The kinematic and dynamical time scales are rooted in observational procedures, are locally indistinguishable, and provide alternative descriptions of phenomena which, though fundamentally different, are not outrageously inconvenient or implausible. Aspects of each are intuitively appealing.
Two important points remain. The first is consideration of the primeval fireball radiation. In 1965, the presence of this blackbody radiation of effective temperature 2.726NK was first detected. If the earth's peculiar velocity (i.e., velocity characteristic only of the earth) is allowed for, the primeval fireball radiation is isotropic to less than the present limits of detection, i.e., to within presumptive temperature variations of a very small fraction of a degree Kelvin. In the kinematic model, the fireball radiation's temperature is generally taken to be a mere 2.726NK because the radiations have been velocity red-shifted by a factor s . 2000. In the dynamical model, however, one would say simply that 2.726NK is the temperature of unorganized matter at the great distance and much earlier epoch of the fireball. These are merely alternative ways of explaining the same observations.
One body of opinion holds that the apparently rigorous isotropy of the fireball radiation constitutes an observable property of the universe which requires accounting for. This presupposes that in the kinematic model the universe had a least age a very small value such as 10 seconds. The particular value of is of less moment -38 than the fact that Were this the case, diametrically opposite parts of the universe would have been separated by a distance at the event of "creation" and would have forever remained mutually inaccessible since not even light could overtake an opposite point receding from it at the speed of light. This impossibility of any interaction between them would render highly unlikely their having identical states long afterward, and would call for some deeper analysis of the isotropy of the primeval fireball radiation.
The result has been a recent model known as the inflationary universe. The theory of the inflationary universe is extremely abstruse. It is grounded in the multidimensional physics of high-energy particles. Moreover, the fireball itself affords an impenetrable opaque screen through which such early states of the universe cannot be seen. All matter at its inner boundary is and always has been in interaction with all other such matter.
A final word needs to be offered concerning the ?constant"
. It has been interpreted as "the present age of the universe". Since that present age is advancing, a cosmologist at a much earlier epoch would have used a much smaller value of . He would still have found T to range from to and and the lower observable limit of t would in any case have been , then a correspondingly smaller lower limit. We might say, therefore, that is a "time-dependent constant". It has a fixed value for all present calculations, but for convenience' sake is adjusted as the universe ages. The epoch of observation is therefore a parameter of the universe.
